Abstract. Tomographic image quality depends on precisely determining the geometric parameters that reference the detector system to the transaxial imaging coordinate system. For the parallel geometry, the projection of the centre of rotation onto the detector image plane completely defines the tomographic geometry. In addition to the projection of the centre of rotation onto the detector, fan beam geometry requires two other parameters that include the focal length and the projection of the focal point onto the detector. These parameters are related to the physical detector in a more complicated way than the projected centre of rotation required for parallel geometry. Heretofore no method has been developed for estimating the geometrical parameters of a fan beam detector system. A method is presented for estimating these parameters from centroids of the measured projections of a point source using the non-linear estimation algorithm due to Marquardt. The technique is applied to single photon emission computed tomography (SPECT) data from a rotating gamma camera using a fan beam collimator. The parameters can be determined very quickly in a clinical environment. The corresponding reconstructed images do not show image artefacts or loss of resolution characteristic of inaccurately determined geometric parameters.
Introduction
The fan beam geometry is used for most commercial x-ray CT scanners because of simplicity and speed of data acquisition. More recently, single photon emission computed tomography (SPECT) systems with rotating gamma cameras have been used which utilise fan beam collimators (Jaszczak et a1 1979, Lim et ai 1980, Tsui et a1 1986) to improve sensitivity and resolution over those systems using parallel hole collimators. Reconstruction algorithms (Dreike and Boyd 1976 , Herman and Naparstek 1977 , Horn 1979 , Weinstein 1980 have been derived for fan beam detector systems. However, in order to obtain high-quality, artefact-free reconstructed images, it is necessary to precisely measure the geometrical parameters of the physically constructed detector system.
For parallel geometry, the projection of the centre of rotation onto the physical detector system is required. Analysis of SPECT systems with parallel geometry (Jaszczak et al 1981 , Keyes et ai 1982 , Todd-Pokropek 1982 show that a misplaced centre of rotation will result in significant image artefacts.
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electronics. This is done by using either a point source or a line source and taking complementary views 180" apart. Projections of the centre of rotation onto the image plane are determined for several complementary views by summing the centroids of the projected point source and dividing by two. The projection of the centre of rotation is then determined by averaging the calculated centroids from complementary views over several projection angles.
In this paper we will show that the geometrical parameters for a fan beam geometry can also be measured from projections of a point source. However, the measured projections are not a linear function of the geometrical parameters as in the parallel case. Therefore non-linear techniques are required to estimate the parameter values. For SPECT systems, the parameters need to be measured in the clinic immediately following a patient study and before the detector head has been moved for subsequent studies resulting in a new radius of rotation. For fan beam collimators it can happen that the centre of rotation does not align with the midline of the fan beam geometry. When data from a misaligned system are reconstructed with inaccurate measurements or completely ignoring the shift in the midline, there will be a loss of resolution for 360" reconstruction (Kijewski and Judy 1983, Gullberg et a1 1986) . For halfscans, which are reconstructions from projections sampled over 180" plus the fan angle, structured artefacts will result (Shepp el a1 1979). Our approach is to include a shift parameter and to measure any misalignment in the centre of rotation. A reconstruction algorithm which includes this shift parameter is then used to reconstruct the fan beam projection data (Gullberg et a1 1986) .
A method for estimating the parameters of a fan beam detector system, including equations that relate the parameters to the centroid of the projections of a point source, is presented first, followed by a description of the Marquardt algorithm (Marquardt 1963) that is used to estimate the geometrical parameters.
Results are presented for geometrical parameters estimated from data measured using a SPECT system with a fan beam collimator. These parameters are used to reconstruct slices for a temporomandibular joint (TMJ) study which is compared with results obtained using parameters that have been perturbed to show image artefacts.
Formulation of the fan beam parameters
The parameters of the fan beam geometry shown in figure 1 are the displaced centre of rotation T, focus-to-centre distance D, focus-to-detector distance D' and location, c, of the projection of the focus onto the detector. Mathematically, a point source f ( x , y ) = 6 ( x -x , ) 6 ( y -y , )
(1) located at (xo, yo) is used to develop a relationship between the parameters of the fan beam geometry shown in figure 1 and something that can be measured, namely the centroids of the projected point source. For multiple transaxial slices, the point source can actually be a line source perpendicular to the plane shown in figure 1 , so that all slices can be calibrated at the same time.
The projections of the point source are obtained by substituting equation (1) into the expression for the fan beam projection operator (Gullberg 1979) :
where the projection coordinate 6 denotes the distance from the edge of the measurable detector region and CY is the projection angle for the geometry in figure 1. Performing this substitution gives the following expression for the projections of a point source:
R ( c u ,~;~) =~[ (~-c ) ( x o s i n c t . -y o c o s a + D ) / D ' -x , c o s a -y o s i n a +~] (3)
where P = (P1,. . . , Pb) = (xo, yo, c, 7, D, D') is a vector whose components are the parameters of the fan beam geometry plus the coordinates of the point source.
For the angle CY, the centroid of a projection is p ( P , CY), defined by Substituting equation (3) into equation (4) and integrating, we obtain p (~,~~) = D ' (~~~~~~~+ y~s i n~~-~) / ( x~s i n a -y , c o s~
If the point source is located at the centre of rotation then the expression in equation (5) becomes independent of angle. In this case, it means that the centroid as a function of angle is independent of the parameters of the fan beam geometry. The result in equation ( 5 ) gives an expression for the centroid of a projected point source in terms of the fan beam parameters. This suggests a method for estimating the geometrical parameters of a fan beam imaging system. In the experimental measurement, a point source is placed in the field of view of the scanner and away from the centre of rotation. and U, is the error in the calculation given in equation (7). The process of minimising equation (8) to determine estimates of the fan beam geometry is a non-linear estimation problem since the function p ( p , a ) in equation (5) is non-linear in the vector variable p.
The accuracy of the estimated fan beam parameters depends upon accurately measuring the location of the projected point source using the centroid calculation in equation (4) and, in particular, equation (6). The centroid calculation assumes that the detector system is uniform in sensitivity and resolution. We know by the very nature of the fan beam collimator with a flat detector that the sensitivity and resolution both vary as a function of depth and as a function of lateral sampling. To be more precise, the sensitivity variation should be compensated for and the resolution should be deconvolved before using the centroid calculation in equation (6). To prescribe the sensitivity variation for a converging collimator is not a trivial matter: the theory is complicated and, in addition, the theory usually does not correspond to the physical collimator. To make the sensitivity variation as small as possible, modifications to the collimator are made during the fabrication process by the manufacturer. This is desirable from the standpoint of having a uniform response across the field of view but makes it difficult to predict the actual sensitivity and resolution variations from the theory.
In practice, we have found that the centroid calculation in equation (6) works very well in calculating the parameters of the fan beam geometry even if corrections are not made for sensitivity or resolution variations. The reason for this is that the distribution of the projected point source is very localised. The resolution and sensitivity are nearly constant over the projected source distribution, therefore the centroid calculation in equation (6) gives a very accurate representation of the projection of the point source in the detector plane.
The Marquardt algorithm
Most methods that minimise equation (8) use successive approximations:
where either S = 6, is determined from a Taylor series expansion of p or 6 = S, is determined from a gradient X'@) known as the steepest-descent method. The Taylor series correction is given by (Deutsch 1965 )
and the gradient correction is
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If we set
where (12) and (13) are
The Taylor series method tends to diverge frequently and the steepest-descent methods are very slow to converge (Marquardt 1963) . Marquardt found that the magnitude of the angle 4 between the Taylor series correction vector 6, and the gradient vector S , usually fell in the range 80°< 4 <90°. It can be shown that a necessary requirement for any iterative method to converge is that the correction vector must be within 90" of the gradient 6, . To increase the speed of convergence of steepest descent methods, a more appropriate direction would be one which interpolates between the gradient 6, and S,. This is accomplished by solving for 6 in the following equation:
Marquardt (1963) showed that as A +CO, 6 rotates toward S,. Therefore, in a region where the Taylor series method converges nicely, especially near the minimum, small values of A are chosen, whereas in regions where the Taylor series approximation is not adequate, A is increased so that 6 approximates the gradient. The algorithm selects A to ensure that the optimum choice for 6 is taken. The Marquardt algorithm has the especially useful feature that the direction and step size are determined simultaneously. The Marquardt algorithm that was used by us is outlined in the appendix. Starting with an initial solution, the values of the geometric parameters are varied and the partial derivatives evaluated according to the algorithm to minimise the chi-squared function specified in equation (8). It is seen in equation (8) that the measured centroid of the projected point source is compared with the expression in equation ( 5 ) . Thus one is effectively evaluating those parameters which make equation (5) come nearest to the measured centroid of the projected point source.
The estimated parameters have errors (Deutsch 1965) given by the covariance matrix
G T Gullherg et a1
where the matrix B in equation (12) is evaluated using the estimated parameters p^.
The diagonal elements of the covariance matrix are the variances for the estimated parameters. The off-diagonal elements are the covariances which are a measure of the degree of correlation between the geometric parameters.
Experimental results
A typical study was performed to evaluate the technique for estimating the parameters of the fan beam collimator (Tsui et a1 1986) shown in figure 2. The collimator was constructed with the dimensions shown in figure 3 . A line source of"Tc" was positioned parallel to the axis of rotation intersecting the transaxial plane at an unknown point, and the detector was rotated about its centre to take a set of 128 projections, similar to those illustrated in figure 4 . After the data were acquired, the centroid for each projection was determined using equation (6) and the measurement errors for the centroid calculations were determined using equation (7). The calculated centroids and errors are given in table 1 for every other angle that was sampled.
The data in table 1 have a discontinuity in the measured centroids between frame 123 and frame 1. The reason for this discontinuity is probably due to variation in rotation angle between these frames. Variation in angular increments can occur on clinical SPECT systems. It is important that any errors in the angular increments are monitored and that they are within reasonable limits. The errors that occurred over a few angles in the data presented in near the centre of the crystal at c = 20 cm and so this is a good initial guess. For the fan beam collimator that we used, the shift T is very close to zero. The distance between the focal point and the centre of rotation D will vary from study to study but usually will be approximately 44 cm. The collimator was built to a designed specification for the focal length of 71 cm from the crystal face. Good results were obtained by initially choosing a focal length D' = 60 cm and a distance between the focal point and the centre of rotation of D = 40 cm. From simulations it has been found that the accuracy in the initial solution for D' is not as critical as it is for the other parameters. However, we have also noticed that an initial solution greater than 71 cm can give erroneous estimates of the focal length. Therefore a value of D' = 60 cm was chosen as an initial guess for D'. This is less than the design value but not so much that it would affect the convergence of the solution.
The geometric parameters were systematically and iteratively varied using the Marquardt algorithm to minimise the chi-squared function in equation (8) . It can be found that many local minima are present which are not the true minimum being sought. To avoid settling on a local minimum, it is important to start with initial profile ProJectlon Figure 4 . The projection of the line source will give profiles which will vary with the distance the line source is from the collimator. estimates which are as close to the actual value as possible, either obtained from measurements or from previous experience, as described above. It has also been found useful to vary only certain of the parameters at first to increase their precision before varying others. The results in table 2 first varied xo,yo only, holding the other geometric parameters constant. The next pass varied c only and then progressively varied different combinations of parameters.
Simultaneously varying the shift 7, the focus-to-centre distance D and the focus-todetector distance D' resulted in unrealistic values for the geometric parameters. In our case, the focal length of the collimator is long and, as such, the geometry is approaching that of a parallel beam causing the shift parameter 7 and the focal length to become (i) more uncoupled from the problem and (ii) more different in absolute numerical value, and thus difficult for the algorithm to accurately determine their values. For shorter focal length collimators, the fitting technique hecomes more sensitive to variations in these parameters.
In general, the fitting technique most with the fan beam collimator in figure 2 which was built to the design specifications given in figure 3 . In each pass, those variables indicated with an asterisk are held constant and the other variables are allowed to vary using the Marquardt algorithm to give a best estimate of the parameter. accurately determines the centre of rotation c. Various initial solutions were tested and, in all cases, c converged to a value very close to 21.0 cm. Of the parameters, the focal length D' is probably the one least accurately determined by the estimation technique. We also found that fixing the focal length to the design value of 71 cm and estimating the other parameters gave reasonable results for the estimated parameters. These parameters also gave reconstructions with good image quality. In some cases, for initial solutions far from the solution, the estimated parameters converged to values that do not correspond in any way to the specific design of the collimator. However, these parameters can give reasonable reconstructed image quality. This happens with parameters that are highly correlated, such as 7 and c. This is not very appealing from the standpoint of being able to determine experimentally the design parameters of the collimator. Therefore we have found that, using the initial solutions suggested above, reasonable estimates for the geometrical parameters and good reconstructed image quality are obtained.
Estimating parameters for fan beam tomography
The estimated parameters in table 2 after pass 6 were used to reconstruct data from a TMJ patient study. The patient was given 555 MBq (15 mCi) of 99Tc" labelled H D P intravenously and, 3 h later, projection data were obtained. The projection data were digitised in 6 4 x 6 4 matrices giving a pixel size of 3.8 mm at the axis of rotation. The slice thickness was 6.4 mm. A total of 128 views over 360" around the patient's head were collected. Figure  5 shows the reconstructed transaxial images of the TMJ. Increased uptake is seen in the right TMJ showing that the lateral aspect of the TMJ is involved.
Reconstructions with incorrect geometric parameters are given in figure 6 for the same transaxial slice as in figure 5 ( d ) . In figure 6 ( a ) , the projection of the focal length onto the detector, c, was set to 21.33 cm with the other parameters set to their corresponding values given in table 2 after pass 6. In the same manner, in figure 6( b ) the shift 7 was set to 0.32 cm, and in figures 6(c) and 6 ( d ) , the focal length D' was set to 54.36 and 78.13 cm, respectively. These values for the geometric parameters were determined by performing a series of reconstructions that varied the parameter of interest while keeping the other parameters set to the estimated values given in table 2. The examples in figure 6 are for those values for which the reconstruction began to show noticeable image artefacts.
I t can be seen that the image quality is very sensitive to the projection of the focal length onto the detector and the shift. The image quality is less sensitive to variations in the focal length for the particular collimator that was studied. I t is interesting to note that image quality is more sensitive to errors in D' that are greater than the designed focal length than errors that are less. Reconstructions were not performed for different values of I>, the distance between the focal point and the centre of rotation. The selection of D only scales the reconstructed image and does not in any way distort the reconstruction.
Discussion and conclusion
We have presented a method where the parameters of a fan beam detector system can be determined using a non-linear estimation technique that estimates the geometrical parameters from projection measurements of a point source. The method has been proven to work efficiently in a clinical environment for SIW'T imaging where immediately following each patient study the fan beam parameters are calculated using a point source or a line source of radioactivity and collection of 360" of projection data. Careful attention has to be paid to the initial estimates used for the Marquardt algorithm and in routine clinical use can be determined from simple measurements and past experience of best estimates. The approach we have presented is also appropriate for calibrating x-ray CT scanners. The estimation technique.can also be used for other types of geometries, such as cone beam (Jaszczak et a/ 1986) , by properly defining the projection equations for a point source placed in the field of view. (7) Evaluate P , and P2 where P , = P + S , P 2 = P + 8 2 . (11) Let P 3 = P . For an initial solution Po, the Marquardt algorithm converges to a local minimum.
The initial ch.oice of A = 0.01 and U = 10 was suggested by Marquardt (1963) . If necessary, A is decreased by a factor l / u in step 5 or increased by a factor U in step 12 in order that an optimum choice of A is made which satisfies xi+, <x;. It has been found that A does not get very large, especially in the vicinity of the minimum. The properties of the Taylor series correction S, in equation (11) make it scaled invariant under linear transformation whereas the properties of the gradient methods are not. Thus an appropriate method for scaling the P space leads to the transformation of the matrices B and E in step 4. Then the new step size 6 is calculated using the equations in step 6. Marquardt (1963) points out that this choice of scaling also improves the numerical aspects of the computing procedure.
Resume
Estimation de paramttres giometriques pour la tomographie a faisceau en eventail.
La qualit6 de I'image tomographique depend de la determination precise des paramttres giomttriques qui refirencent le systtme de detection par rapport au systime de coordonntes en imagerie transaxiale. En gtometrie parallele, la projection du centre de rotation sur le plan de detection image definit completement la geomCtrie tomographique. En complement de la projection du centre de rotation sur le dttecteur, la geometrie de faisceau en tventail nicessite deux autres parametres: la longueur de focalisation et la projection du point de focalisation sur le ditecteur. Ces paramttres sont lies au ditecteur de fason beucoup plus complexe que ne I'est le centre de rotation projeti ntcessaire en geometric parallele. Jusqu'ici aucune mtthode n'a tti dtveloppee pour estimer les parametres geomitriques d'un systime de detection a faisceau en eventail. Les auteurs prtsentent une mtthode d'estimation de ces paramttres a partir des centroides des projections mesurees d'un point source en utilisant I'algorithme d'estimation non lineaire d t Marquardt. La technique est appliqute aux donntes de la tomographie d'emission par photon unique (SPECT) obtenues avec une gamma camera tournante tquipee d'un collimateur a faisceau en eventail. Les paramttres peuvent &re determines trhs rapidement dans un environment clinique. Les images reconstruites ne montrent pas d'arttfacts ou de pertes de rtsolution caracttristiques de parametres gkomttriques determints de fason inexacte.
Zusammenfassung
Bestimmung der geometrischen Parameter bei Facherstrahlgeometrie. 
